
CONVERGENCE PROPERTIES OF QUASICLASSICAL TRAJECTORY
CALCULATIONS ON DYNAMICS OF AUTOIONIZATION EVENT
IN He(23S)–D2 PENNING IONIZATION

Jan VOJTIKa and Richard KOTALb

a J. Heyrovsky Institute of Physical Chemistry, Academy of Sciences of the Czech Republic,
182 23 Prague 8, Czech Republic; e-mail: vojtik@jh-inst.cas.cz

b Department of Physical and Macromolecular Chemistry, Faculty of Science, Charles University,
128 40 Prague 2, Czech Republic; e-mail: kotal@dirac.jh-inst.cas.cz

Received October 11, 1996
Accepted December 2, 1996

Dedicated to Dr Karel Mach on the occasion of his 60th birthday.

An analysis of the degree of convergence of theoretical pictures of the dynamics of the autoionization
event He(23S)–D2(v″ = 0) → [He…D2

+(v′)] + e is presented for a number of batches of Monte Carlo
calculations differing in the number of the trajectories run. The treatment of the dynamics consists in
2D classical trajectory calculations based on static characteristics which include a quantum mechan-
ical treatment of the perturbed D2(v″ = 0) and D2

+(v′) vibrational motion. The vibrational populations
are dynamical averages over the local widths of the He(23S)–D2(v″ = 0) state with respect to auto-
ionization to D2

+(…He) in its v′th vibrational level and the Penning electron energies are related to
the local differences between the energies of the corresponding perturbed D2(v″ = 0)(…He*) and
D2

+(v′)(…He) vibrational states. Special attention is paid to the connection between the requirements
on the degree of convergence of the classical trajectory picture of the event and the purpose of the
calculations. Information is obtained regarding a scale of the trajectory calculations required for
physically sensible applications of the model to an interpretation of different type of experiments on
the system: total ionization cross section measurements, Penning ionization electron spectra, sub-
sequent 3D classical trajectory calculations of branching ratios of the products of the postionization
collision process, and interpretation of electron ion coincidence measurements of the product branch-
ing ratios for individual vibrational levels of the nascent Penning ion.
Key words: Convergence of trajectory calculations; Penning ionization; Nascent Penning ion.

In our recent paper1 we reported a theoretical picture of the dynamics of the autoioniza-
tion event

He(23S) + D2(v″ = 0) → [He…D2
+(v′)] + e . (1)
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The treatment of the dynamics used in this study consisted in 2D classical trajectory
calculations based on static characteristics which include quantum mechanical treat-
ment of the perturbed D2(v″ = 0) and D2

+(v′) vibrational motion. The main objective of
our earlier paper1 was to theoretically simulate the Penning ionization electron spectra
(PIES) of the He(23S)–D2(v″ = 0) system and compare them with the experimental
ones, recently obtained from crossed supersonic molecular beams PIES measurements2.
The main result of our theoretical effort is shown in Table I. Even a cursory examin-
ation of this table reveals that our calculations were successful in that they eliminated
some uncertainties in the experimental PIES data, the resulting set of theoretical nas-
cent Penning ion populations being more complete than its experimental counterpart.
One of the reasons for the success of the calculations can be ascribed to that the theore-
tical simulation of the PIES spectra was based on very extended calculations. More
specifically, 2 500 000 trajectories were run to obtain sufficiently converged sets of
Penning electron energies and vibrational population factors corresponding to the nas-
cent Penning ions [He…D2

+(v′)] in individual vibrational levels.
It is to be noted in this connection that He(23S)–D2 belongs to a class of atom–diatom

autoionizing collision systems with repulsive interaction and, further, that the collision

TABLE I
Calculated vibrational population factors Pv′ (normalized to 100 at v′ = 3) and average energies Ev′
(in eV) in Penning ionization of He(23S) + D2(v″ = 0) → [He…D2

+]  + e

ν′ Pν′
a Pν′(exp)b Eν′

a ν′ Pν′
a Pν′(exp)b Eν′

a

0 26.31 21 ± 8 4.378 13 7.27 – 2.395

1 62.75  59 ± 12 4.179 14 4.55 – 2.291

2 90.47  89 ± 15 3.989 15 3.13 – 2.196

3 100.00 100     3.808 16 2.43 – 2.109

4 95.09  94 ± 16 3.634 17 1.87 – 2.032

5 81.18  80 ± 14 3.467 18 1.27 – 1.957

6 63.08  74 ± 12 3.308 19 0.96 – 1.894

7 50.00 49 ± 9 3.157 20 0.72 – 1.843

8 36.73 33 ± 7 3.012 21 0.48 – 1.799

9 27.39 22 ± 6 2.875 22 0.35 – 1.758

10 18.82 14 ± 5 2.742 23 0.20 – 1.727

11 13.45 – 2.619 24 0.12 – 1.726

12  9.93 – 2.503

a Theoretical data from ref.1; b experimental data from ref.2.
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conditions in both the calculations and the PIES experiment just mentioned correspond
to thermal energies. At these energies, the autoionization process in this type of a sys-
tem is best looked upon as proceeding in two microscopic steps3,4. In the first step,

A* + BC → [A…BC+] + e ,  (2a)

the system leaks into the continuum and, under the framework of the Miller5 and Naka-
mura6,7 theory of Penning ionization, undergoes a vertical transition from the Born–Op-
penheimer resonant surface VBO

∗ (R) to the ionic one,VBO
+  (R). In the second step, the

collision continues on the ionic surface

[A…BC+] → BC+ + A

          → AB+ + C

        → (ABC)+

               →  A + B+ + C . (2b)

Here the products represent, respectively, the Penning, rearrangement, associative and
dissociative channels.

The ultimate goal of a theoretical description of an A* + BC collision system is to
get an information about the product branching, step (2b), of the collision process. For
He*–D2, the total ionization cross section and product branching were measured8, and
an experimental information about their collision energy dependence has also been re-
ported8. There is no doubt that in addition to their importance for an interpretation of
the PIES measurements, the vibrational populations of the nascent Penning ions
BC+(v′)(…A) represent an important attribute of the initial conditions2,3 of the step (2b)
of the autoionization process. On the other hand, it is not clear whether a physically
relevant description of the PIES characteristics themselves is not only a necessary but
also a sufficient condition for an adequate description of the starting conditions for a
3D classical trajectory treatment of the step (2b) of the collision process. In particular,
one can wonder whether the rate of convergence with the number of trajectories run of
more detailed dynamical features of the set of final states of the vertical transitions
from the resonant to the ionic surface is not significantly slower than that correspond-
ing to the PIES characteristics. In view of this and with an eye to future attempts at
theoretical interpretation of the product branching in the He(23S)–D2(H2,HD) collision
systems, it appears desirable to gain a deeper insight into convergence properties of the
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Monte Carlo quasiclassical trajectory calculations on atom–diatom autoionizing colli-
sion systems with repulsive interaction.

The purpose of this paper is to present and discuss results of calculations of this type
for the autoionization event in the He(23S)–D2(v″ = 0) collision system.

CALCULATIONS

As in our earlier paper1, the present calculations are performed with the use of a two-
dimensional (2D) classical trajectory model of the dynamics of the ionization event in
thermal energy collisions in autoionizing A* + BC systems with repulsive interactions9.
In low energy collisions in systems of this class, the BC+ molecule-ion formed in step
(2a) is only slightly perturbed by the A collision partner. As a consequence, the most
prominent quantum features of the ionization event which exhibit themselves in the
vibrational structure of the corresponding Penning electron spectra are generally con-
nected with the vibrational motion of the perturbed BC+(v′)(…A).

The main motivation behind the approach of ref.9 was to adopt this view and adequ-
ately describe the above quantum features of the ionization event, without loosing the
possibility of following the dynamics of the rather complicated step (2b) of the colli-
sion process. For the stage of the collision process before the ionization event A* +
BC(v″) → [A…BC+(v′)] + e takes place, a separate quantum mechanical treatment of
the perturbed BC(v″) [BC+(v′)] vibrational motion is adopted in the model and included
into the calculation of static characteristics of the system. These characteristics thus
depend on the distance R from A* to the center of mass I of the BC collision partner,
the (AI, BC) angle γ and the pertaining vibrational quantum numbers of the perturbed
BC and BC+. In the dynamical part of the description of this stage of the process, the
BC collision partner is treated as a rigid rotor.

The necessary analytical representations of the 2D surfaces for the resonant energy
D2(v″ = 0)(…He*), the D2

+(v′)(…He) vibrational population factors and the energy of
the corresponding Penning electrons for the ionization event were obtained from the
values of the 2D static characteristics of the system calculated in our previous work10.
These 2D characteristics were in turn obtained from the 3D Born–Oppenheimer surfaces.

In the approach of ref.9, the motion of the system (with the D2 collision partner
treated as a rigid rotor) is governed by the potential Vv′′

∗ (R,γ) where v″ denotes the
vibrational quantum number of the perturbed D2(…He*) diatomic. Information about
the value of this potential for R, γ is obtained11 from the one-dimensional Schrödinger
equation

− 
h−2

2µ 
d2χv(R,γ; r)

dr2

+ VBO
j (R,γ; r) − Vv

j (R,γ) χv
j (R,γ; r) = 0  . (3)
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Here µ is the reduced mass of the D2 pair, the superscript j becomes * for the resonant
surface, and VBO

∗ (R,γ; r) is the 3D Born–Oppenheimer resonant potential.
It should be noted that in refs9,11 the 2D resonant potential was allowed to be depend-

ent on the end-over-end rotational quantum number N of the perturbed diatomic colli-
sion partner. In this work the dependence on N of the static characteristics, including
the resonant potential is ignored1. The local widths of the He(23S)–D2 system which, in
addition to the resonant 2D surface, determine the behaviour of the system with respect
to autoionization to D2

+(v′)(…He), are given by the expression

Γ(v′′,v′; R,γ) = | 〈χv′′
∗ (R,γ; r)| [ΓBO(R,γ; r)]1/2 | χv′

+ (R,γ; r) 〉r|2  . (4)

This expression was found in the calculations9,11,12 on He(23S)–H2 to provide physically
more relevant picture of the autoionization event than simpler local Franck–Condon
factors. The χv′

+(R,γ; r) wavefunction corresponds to the final state of the event (2a) and
is an eigenfunction of the Schrödinger equation (3) for the ionic potential (j = +),
ΓBO(R,γ; r) is the Born–Oppenheimer width of the He(23S)–H2 resonant state. In the
analytical representation of all the 2D surfaces, the angular dependence of the charac-
teristics is accounted for by a truncated (l = 0, 2, 4, 6) Legendre expansion and the R
dependence of the Legendre components is described by cubic taut-spline fits13.

The trajectory calculations are performed using our FORTRAN code based on Ha-
milton’s equations given in ref.9, with the proviso that a dependence of the resonant
potential (and of the local width of the state with respect to autoionization) on the
end-over-end rotational quantum number N of D2(…He*) is not considered. The way of
calculating the 2D trajectories is in this approach quite intentionally chosen to closely
correspond to the 3D approach of Karplus, Porter and Sharma14, adopted in the modi-
fied trajectory surface leaking (TSL) scheme15,16. The state of the system is described
by five general coordinates and the momenta conjugate to them: two of the coordinates
are the angles θ and φ which specify the orientation (with respect to a fixed laboratory
frame) of the line joining the centre B to C. The remaining coordinates Q1, Q2, and Q3

are the Cartesian coordinates of the collision partner A* with respect to the centre of
mass of the BC pair. The conjugate momenta to these general coordinates are

Pθ = µBC l2θ
.

Pφ = µBC l2 sin2 θφ
.

Pi = µA,BC Q
.

i     (i = 1, 2, 3)  , (5)
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where l is the (fixed) BC distance, µBC is the reduced mass of the BC pair and 1/µA,BC

= 1/mA + 1/(mB + mC).
The values of the general coordinates and their conjugate momenta at the beginning

of the trajectories are chosen in essentially the same way as in ref.1. The values of the
collision variables at the beginning of the trajectories are taken to correspond to the
realistic distribution of the rotational states J of D2 at 300 K. More specifically, the
distribution of rotational states is computed from the expression

FBC(J,v′′ = 0) = 
fJ(2J + 1) exp (−Ev′′=0,J /kT)

Qv′′=0,J
  , (6)

where Qv″ = 0,J  is the rotation-vibration partition function, Ev″ = 0,J is the energy of the
state (derived from the data given in ref.17), and fJ is its nuclear statistical weight (in
D2, fJ = 6 for even J and fJ = 3 for odd J). The impact parameter b was randomized in
the range 0 ≤ b < 9 a.u. The choice of this rather large maximal value of b, bmax, is
dictated by the R dependence of the ΓBO(R,γ; r) surface15,16,18,19 which makes the prob-
ability of ionization of the system negligible only for trajectories with large impact
parameters. The trajectories started at R0 = 10 a.u. As far as the initial collision energy
is concerned, two sets of calculations were carried out. In the first set, which is an
extention of the work of ref.1, the energies range from 10 to 150 meV with an average
of 51 meV, the distribution simulating the experimental one in the PIES measurements
of ref.20. In the second set of calculations, the starting collision energy was kept fixed
at the value of 50 meV. The initial values of the remaining variables were selected in
the same way as in ref.14. The DD distance was fixed at 1.41408 a.u. The length of the
numerical integration time step was kept fixed at 7.5 a.u. This value proved to be small
enough to ensure a sufficiently accurate integration of the equations of motion of ref.9

and an adequate treatment of the ionization event. As far as this treatment is concerned,
we here only note that at each integration time step i in the trajectory, the probability
P(Ri,γi) of leaking of the system into the continuum is computed from the expression9,21

P(Ri,γi) = 

∑ 
v′=0

Γ(v′′,v′; Ri,γi)

h−  ∆ti  , (7)

where ∆ti is the length of the numerical integration time step. A pseudorandom number
ζi is then generated and compared with this probability. If P(Ri,γi) ≤ ζi, the trajectory
continues on the resonant surface. If P(Ri,γi) > ζi, however, an electron is ejected and
the system leaks into the continuum. The determination of the vibrational state of the
nascent Penning ion formed in the transition is based on a comparison of an extra
pseudorandom number ζtr with the set of (appropriately normalized) local widths for the
transition (1) taking place at the configuration of the system corresponding to the inte-
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gration time step of the ionization. Once the quantum number v′ is determined, one
calculates the energy of the Penning electron released in the transition as the difference
between the pertinent eigenenergies of the Schrödinger equation (3)

Ev′(R,γ) = Vv′′=0
∗ (R,γ) − Vv′

+ (R,γ)  . (8)

Further, the actual value of Vv′
+(R,γ), together with the corresponding 1D cut through the

3D Born–Oppenheimer ionic potential VBO
+ (R,γ; r), the actual values of the correspond-

ing general coordinates and their conjugate momenta9 can be used to specify the start-
ing conditions for the rest (stage (1b)) of the trajectory. Of course, the starting value of
the phase of the BC+(v′)(…A) vibrational motion will have to be randomized with the
help of an additional pseudorandom number.

RESULTS AND DISCUSSION

As a brief introduction to this section we wish to stress that because of low collision
energies in Penning ionization calculations (and experiments), repulsive character of
the atom–diatom system studied here, and very small magnitude of the values which
the local widths can take on along the trajectories, only a very small fraction of the
trajectories started on the resonant surface leads to the autoionization (2a). As indicated
in the previous section, the state of each of the 2D trajectories found to lead to ioniza-
tion can be described by the vibrational quantum number v′, the energy of the released
electron Ev′(R,γ) and the values at the autoionization event of the five above mentioned
general coordinates and their conjugate momenta (5). Thus, at the autoionization event
a trajectory (leading to ionization) is in the present approach characterized by a 12-fold
entity with the components just mentioned. A set of these 12-fold entities for all the
trajectories found in the course of the calculations to lead to ionization forms a 2D
classical trajectories picture of the autoionization event.

It is clear from what has been indicated above that, in general, it is necessary to run
a large number of trajectories on the resonant potential surface to adequately describe
the final state of the ionization event. On the other hand, the requirements on the level
of completeness of the classical trajectory picture of the event depend on the purpose
of the calculations. If the aim of the calculations is limited to provide an information
about the total ionization cross section, then, roughly speaking, only the ratio of the
number of ionized trajectories to the number of those started on the resonant surface is
essential. When a PIES spectrum corresponding to the step (2a) of the process is to be
interpreted, it is necessary to extend considerations to the numbers of trajectories la-
belled by individual quantum numbers v′ and to the energies of the released electrons
Ev′(R,γ). In those situations where one wishes to treat the stage (2b) of the collision
process, the set of the ionized trajectories should also provide an adequate repre-
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sentation of the set of those components of the 12-fold entities which correspond to the
above mentioned general coordinates and their conjugate momenta (5). This should be
done not only for the whole set of the ionized trajectories but also for each subset,
corresponding to each of the most populated individual vibrational levels v′ of the nas-
cent Penning ion [A*…BC+(v′)]. The most challenging situation for a theoretical de-
scription of the autoionization step (2a) would arise if one would wish to interpret
electron-ion coincidence experiments on an A*–BC autoionization system, in which the
product branching ratio for individual vibrational states of the nascent Penning ion
formed in the step (2a) is measured4. In this case, one should ideally get a realistic
representation of the part of the 12-fold entities related to the general coordinates and
their conjugate momenta (5) for the subsets corresponding to each of the individual
vibrational levels v′ of the nascent Penning ion.

Let us turn now our attention to Fig. 1 in which we show an approximation to the
total ionization cross section for the He(23S)–D2 collision system as a function of the
number of the trajectories run N. The approximation was calculated from the ex-
pression14

σ = πbmax
2 Ni /N  , (9)

where bmax, the maximal impact parameter, was taken to be 9 a.u. (see above), and Ni

is the number of the trajectories leading to ionization. The calculations of the total
ionization cross section represent an extension of one of the batches of the trajectories
discussed in ref.1; the initial collision energy ranges from 10 to 150 meV (average of
about 51 meV). It can be seen from this figure that for N > 2 500 000, the changes in
the total ionization cross section with increasing number of the trajectories run are

0            3             6             9             12           15

5.56

5.52

5.48

5.44

5.40

5.36

N/1 000 000

σ, a.u.

FIG. 1
Total ionization cross section as a function of
the number of the trajectories run. The verti-
cal lines represent standard errors
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already very small. Hence, at 2 500 000 trajectories which formed a basis for the study
of our work1, the value of the total ionization cross section is very well converged. It
should be noted that of this portion of the trajectories, 53 744 (2.15%) trajectories were
found to lead to ionization, the corresponding approximation to the total cross section
being (5.470 ± 0.032)a0

2. At 14 552 000 trajectories, these quantities were found to
converge, respectively, to 312 864 (2.150%) and (5.471 ± 0.010)a0

2. The magnitude of
the changes as well as the shape of the curve in Fig. 1 suggest that for the collision
conditions studied, even 500 000 trajectories might suffice for most purposes. In this
case, the number of the ionized trajectories amounts to 10 726 (2.145%) and the total
cross section is (5.459 ± 0.052)a0

2.
The rest of the study is based on the set of calculations with the initial collision

energy fixed at 50 meV. As already indicated in the previous section, this set of calcu-
lations was finished with a batch of 10 000 000 trajectories. Of these, 200 653 (2.007%)
trajectories were found to lead to ionization. The corresponding total ionization cross
section is (5.106 ± 0.011)a0

2. Table II presents average energies of the Penning electrons
corresponding to individual vibrational levels of the nascent Penning ion [He…D2

+(v′)].
The values are averages of the values (8) taken over the first Ni ionized trajectories
indicated in the table, and are related to the position of the corresponding peaks in the
Penning electron spectra. It can be seen from this table that for v′ > 3, roughly speak-
ing, the rate of convergence of the Ev′ values with Ni decreases with the increasing
vibrational level of the nascent Penning ion v′. One of the consequencies of this fact
can be seen in Table II at the level of approximation corresponding to 10 000 ionized
trajectories, where the average Penning electron energy for the final state vibrational
level v′ = 23 is greater than that predicted for the state v′ = 22. The overall situation is
illustrated by Fig. 2 in which we show the Ev′ vs Ni dependence for the vibrational
levels v′ = 3, 13, and 20 of the nascent Penning ion. The decreased rate of convergence
for high v′ reflects the fact that the fraction of the ionized trajectories which correspond
to high v′ levels of the nascent Penning ion is exceedingly small (cf. Tables I and III).
As a consequence, in order to collect sufficiently large number of the ionized trajec-
tories with high v′ to get a satisfactory statistics for the corresponding vibrational level,
it is necessary to perform much more extended calculations than in the case of the
levels with high population factors. It should be noted in this connection that this fea-
ture of the autoionization event in the system exhibits itself also in uncertainties in the
experimental results of ref.2 reproduced in Table I. In spite of this we can conclude that,
provided one does not insist on describing subtleties of an accurate description of the
Penning electron energies for high v′, the average electron energies obtained from 40 000
ionized trajectories or so might be acceptable. On the other hand, the gross overall
features of the set of average Penning electron energies appear to be adequately repre-
sented by the trajectory calculations with 20 000 ionized trajectories.
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While the average Penning electron energies are related to the eigenvalues of the
Schrödinger equation (3) for the perturbed D2(…He*) and D2

+(…He), the local widths
of the He(23S)–D2 system with respect to autoionization (4) and, hence, the vibrational

TABLE II
Average Penning electron energies Ev′ (in eV) in autoionization event He(23S) + D2(v″ = 0) →
[He…D2

+] + e as a function of the different number of the ionization trajectories Ni

ν′
Eν′

Ni = 5 000 Ni = 10 000Ni = 20 000Ni = 50 000 Ni = 100 000 Ni = 150 000 Ni = 200 653

 0 4.372 4.372 4.372 4.373 4.373 4.373 4.373

 1 4.174 4.174 4.174 4.174 4.174 4.174 4.174

 2 3.985 3.985 3.985 3.985 3.985 3.985 3.985

 3 3.803 3.803 3.803 3.803 3.803 3.803 3.803

 4 3.629 3.629 3.629 3.629 3.629 3.629 3.629

 5 3.463 3.462 3.462 3.463 3.463 3.463 3.463

 6 3.304 3.304 3.304 3.304 3.304 3.304 3.304

 7 3.152 3.152 3.152 3.152 3.152 3.152 3.152

 8 3.007 3.007 3.007 3.007 3.007 3.007 3.007

 9 2.869 2.869 2.869 2.869 2.869 2.870 2.870

10 2.738 2.737 2.737 2.738 2.739 2.739 2.739

11 2.616 2.615 2.615 2.614 2.615 2.615 2.615

12 2.497 2.497 2.498 2.497 2.497 2.497 2.498

13 2.383 2.385 2.386 2.387 2.387 2.387 2.387

14 2.287 2.287 2.287 2.286 2.286 2.286 2.285

15 2.187 2.188 2.188 2.190 2.190 2.190 2.190

16 2.101 2.101 2.102 2.100 2.102 2.101 2.101

17 2.019 2.017 2.017 2.019 2.021 2.021 2.022

18 1.948 1.953 1.952 1.951 1.950 1.949 1.949

19 1.887 1.884 1.883 1.883 1.883 1.883 1.884

20 1.824 1.825 1.832 1.830 1.831 1.830 1.831

21 1.776 1.779 1.779 1.785 1.784 1.781 1.783

22 1.721 1.721 1.731 1.748 1.751 1.750 1.750

23 1.703 1.728 1.720 1.734 1.730 1.728 1.725

24 1.702 1.714 1.714 1.706 1.709 1.707 1.712
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population factors for the nascent Penning ion Pv′ are related to 1D vibrational wave
functions of the perturbed diatomic collision partners. It is well known that eigenfunc-
tions are more sensitive to perturbations than the corresponding eigenvalues. As a con-
sequence, the changes in the local widths of the He(23S)–D2 collision system caused by
changes in the He(23S)–D2 configuration are, in general, more significant than those
encountered in the Penning electron energies (8). One can therefore expect that the rate
of convergence of the (dynamical) nascent vibrational populations will be lower than
that found for the averaged Penning electron energies. Indeed, this overall tendency is
seen in Table III, where we give data about the values of the nascent vibrational popu-
lations as obtained at different stages of the trajectory calculations and in Fig. 3 in
which we illustrate the situation for 3 selected vibrational levels of the nascent Penning
ion. Note that at 20 000 ionized trajectories, the order of the population factors for the
vibration levels v′ = 22 and 23 is still reversed. At 50 000 ionized trajectories, the
situation is in this respect correct and the gross overall features of the set of the nascent

0      4        8       12     16      20

1.835

1.830

1.825

2.3880

2.3860

2.3840

3.8031

3.8030

3.8029

Ni /10 000

Eν′, eV
a

b

c

FIG. 2
Average Penning electron energies at the ioni-
zation event He(23S)–D2 → [He…D2

+] + e as a
function of the number of the ionized trajec-
tories for three selected vibrational levels: a v′ =
20; b v′ = 13; c v′ = 3

0       4       8       12     16      20

 1.00

 0.80

 0.60

 7.60

 7.20

 6.80

92.0

88.0

84.0

Ni /10 000

Pν′ a

b

c

FIG. 3
Vibrational population factors (normalized to
100 at v′ = 3) at the ionization event He(23S)–
D2 → [He…D2

+] + e as a function of the num-
ber of the ionized trajectories for three selected
vibrational levels: a v′ = 20; b v′ = 13; c v′ = 2
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vibrational population factors are already described adequately. We can therefore con-
clude that as far as the interpretation of PIES measurements in the He(23S)–D2 system
at the collision energy of 50 meV is concerned, the main features of the spectra are

TABLE III
Vibrational population factors Pv′ (normalized to 100 at v′ = 3) in autoionization event He(23S) +
D2(v″ = 0) → [He…D2

+] + e as a function of the different number of the ionization trajectories Ni

ν′
Pν′

Ni = 5 000 Ni = 10 000Ni = 20 000Ni = 50 000Ni = 100 000Ni = 150 000Ni = 200 653

 0 24.90 25.60 24.77 26.17 25.61 25.90 25.67

 1 58.46 58.49 61.19 62.88 63.12 62.73 62.75

 2 82.16 85.50 87.43 90.42 89.32 89.68 89.57

 3 100.00 100.00 100.00 100.00 100.00 100.00 100.00 

 4 94.81 89.37 92.59 94.75 94.47 92.80 92.69

 5 75.50 77.27 78.82 80.49 79.90 79.79 79.77

 6 61.92 61.77 62.45 63.93 63.66 63.74 64.34

 7 49.27 49.53 50.15 50.95 50.37 49.45 49.79

 8 34.09 34.56 34.03 37.11 36.29 36.08 36.44

 9 24.10 23.80 26.99 27.78 26.94 26.80 26.86

10 16.91 17.65 17.73 18.82 18.98 18.93 18.97

11 11.85 12.30 13.32 13.67 13.32 13.50 13.28

12  8.12  8.89  9.36  9.90 10.03 10.03  9.90

13  7.59  7.29  7.18  7.26  7.15  7.18  7.20

14  5.06  4.75  5.33  4.81  4.77  4.77  4.88

15  2.80  2.94  3.35  2.96  3.24  3.32  3.31

16  2.26  2.67  2.63  2.68  2.62  2.62  2.62

17  1.47  1.60  1.71  1.70  1.91  1.91  1.87

18  1.47  1.27  1.40  1.39  1.32  1.35  1.40

19  0.93  1.00  0.96  1.00  1.01  0.94  0.90

20  0.53  0.87  0.79  0.64  0.72  0.69  0.72

21  1.07  0.87  0.65  0.59  0.49  0.48  0.47

22  0.13  0.07  0.14  0.29  0.29  0.27  0.24

23  0.27  0.20  0.24  0.22  0.20  0.18  0.19

24  0.13  0.20  0.10  0.10  0.10  0.12  0.11
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correctly represented by the 2D classical trajectory calculations leading to 50 000
ionized trajectories. When the calculations are extended so as to make it possible to
interpret the PIES spectra on the basis of 100 000 ionized trajectories, the overall situ-
ation with regard to the pertinent quantities is further improved and, taking into account
the present state of the art on the experimental side, the degree of convergence for these
quantities can be considered to be very satisfactory.

Let us turn our attention to that portion of the starting conditions for the 3D classical
trajectory treatment of the postionization step (2b) which is not directly connected with
the quantum number v′ of the nascent Penning ions [He…D2

+(v′)]. It should be noted
that the set of the actual values of the corresponding general coordinates and their
conjugate momenta1 specifies starting conditions for a classical trajectory description of
the rest of the process. The set of these quantities formed by all the ionized trajectories
creates a phase space. Strictly speaking, for a physically relevant description of the
postionization step, the distribution functions in the phase space for individual vibra-
tional levels should be identical with the overall distribution (sum over all the vibra-
tional levels).

For simplicity we have decided not to present an analysis of the sets of the general
coordinates and of their (in some cases rather abstract) conjugate momenta. Rather, we
shall work with two derived quantities, with an evident importance for a classical tra-
jectory description of the initial conditions of the second step of the collision process.
The first quantity is the distance R from He to the midpoint of the D2

+ collision partner
and the second one is a relative kinetic energy of the He–D2

+ motion.
In Fig. 4 we show an overall distribution of the distance R at the ionization event as

obtained from the trajectory calculations leading to different numbers of the ionized
trajectories Ni. The distributions are seen to reflect the fact that the resonant surface
VBO

∗ (R,γ;r) and, consequently, the 2D surface Vv′=0
∗ (R,γ) is repulsive and that, for a given

∆ti and a fixed angle γ, the probability of ionization (7) increases exponentionally with
decreasing Ri. Note that the initial collision energy was kept fixed at 50 meV in these
calculations. It can be seen from this figure that at the number of ionized trajectories Ni =
50 000, the overall distribution is already not too far from that we obtained at the final
stage of our calculations. A similar rate of convergence is seen from Fig. 5 to occur for
the R distribution corresponding to the nascent Penning ion [He…D2

+(v′)] with the most
populated vibrational level v′ = 3. The situation corresponding to the vibrational level
v′ = 20 which is much less populated than the v′ = 3 one (cf. Tables I and III) is
different. It is seen from the corresponding panel of Fig. 5 that the rate of convergence
is considerably slower than in the v′ = 3 case. Concomitantly, the final approximation
to the R distribution for this vibrational level of the nascent Penning ion (based on 207
ionized trajectories) must be judged inferior to the v′ = 3 one.

Figure 6 shows an overall distribution of the He–D2
+ relative kinetic energy Ek at the

ionization event (1) as obtained from the same stages of the trajectory calculations
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discussed above in the case of the R distributions. The negative and positive signs
represent the direction of the relative motion of the He collision partner to the D2

+(v′)
ion at the autoionization event. The negative sign corresponds to the situations where
the autoionization event takes place when the collision partners are approaching each
other while the positive sign denotes receding collision partners at the autoionization
event. Figure 7 is an Ek distribution analogue of Fig. 5. A comparison of Figs 6 and 7
with their R distribution counterparts leads us to conclude that as far as the rate of
convergence of the Ek distribution is concerned, the situation is, for all the individual
vibrational levels of the nascent Penning ion considered very similar to that en-
countered in the case of the R distribution. The same is true with regard to the level of
accuracy of the final approximation to the Ek distributions we obtained for the indivi-
dual vibrational levels of the nascent Penning ion [He…D2

+(v′)].
The above considerations suggest that in the present 2D classical trajectory model of

the autoionization event, some 2 000 ionized trajectories could already form a satisfac-
tory basis for a physically acceptable distribution of each of those continuous compo-
nents of the 12-fold ionized trajectory entities which are not directly related to the
quantum number v′ of the corresponding nascent Penning ion. It should be stressed that
in the batch of trajectories with the sharp initial collision energy of 50 meV, we calcu-
lated as huge a number of trajectories as 10 000 000. In spite of this, of the individual
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vibrational levels of the nascent Penning ion populated, we were able to reach this limit
only for the vibrational levels with v′ ≤ 13. An estimate of the scale of the calculations,
required to get a similar level of approximation to the distributions for higher vibra-
tional levels of the nascent Penning ions, can be obtained from the vibrational popula-
tion factors of Table III. This leads us to conclude that an accurate interpretation of the
electron–ion coincidence measurements would require very demanding large-scale tra-
jectory calculations. On the other hand, one must bear in mind that the rapid decrease
with the increasing v′ level of the nascent population factors causes problems not only
in a theoretical description of subtle aspects of the autoionization event in the system
connected with the high v′ levels of the nascent Penning ion but also in experiments. As
examples we can mention the uncertainties in the high v′ tails of experimental data in
the Penning electron spectra2 of He(23S)–D2 and missing information in the electron-
ion coincidence measurements on the HH isotopic variant of the system4. With this
problems on both the theoretical and experimental sides, some of the above conclusions
concerning the subtle aspects of the autoionization to high v′ levels of the nascent
Penning ions should be regarded as plausible rather than conclusive. In view of this we
also consider it best to leave the questions of the adequacy of the approximation to the
2D classical trajectory picture of the autoionization event open until the present data is
used as an input for 3D classical trajectory description of the step (2b) of Penning
ionization for individual vibrational levels of the nascent Penning ions [He…D2

+(v′)].
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CONCLUDING REMARKS

The discussion of the previous section was based on the calculations for the relative
collision energy of 50 meV. Estimates of the level of accuracy of the approximation
achieved were made for different numbers of the ionized trajectories Ni and some con-
clusions were made in terms of the ionized trajectories with the vibrational level under
question. The total number of the trajectories run N was more or less considered impli-
citly.

Consider now a picture of the autoionization event in the present system correspond-
ing to a different collision energy in a range from 20 to 150 meV. According to the
recent work12 on the collision energy dependence of the autoionization event in the
HH… isotopic variant of the present system, all the main conclusions of this work will
remain valid. Of course, the numbers of the trajectories N which have to be run on the
resonant surface to get a given number of the ionized trajectories Ni will differ from the
present one. If a value of the total ionization cross section for the collision conditions
is known from other sources, e.g., from experiment, then an estimate of the actual
number N corresponding to the number of the ionized trajectories Ni can be obtained
from Eq. (9). Otherwise, as shown in the previous section, an acceptable estimate of the
Ni /N ratio can be obtained already from sample calculations which are not too much
time consuming.

The arguments and conclusions of the previous section were based on the 2D classi-
cal trajectory calculations on the He(23S)–D2 system, which serves as a representative
of an atom–diatom autoionizing collision system with a repulsive interaction. It seems
natural to rise a question if the present results can be of any value for an assessment of
the convergence properties of analogous 2D classical trajectory calculations on an
atom–diatom collision system of this class. The answer is affirmative. Certainly, in
addition to the total ionization cross section, most of the arguments of the previous
section is quite closely connected with the number of the vibrational levels of the nas-
cent Penning ion and, with their population factors. As a consequence, there is no prob-
lem to get an idea about the convergence properties of the trajectory description of the
autoionization event for those A*–BC collision systems, where an information about
the total ionization cross section is available and at least some approximation to the
nascent population factors is at hand. From this point of view one can consider four
different types of approximation:

1. The nascent vibrational population factors are known from precise experiments.
As an example we can mention the very precise PIES data for the He*–H2 system20.

2. The vibrational population factors are known from dynamical calculations. The
only example known to the authors is the He(23S)–H2 system with the vibrational levels
up to v′ = 16 (refs9,12).
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3. The vibrational population factors can be deduced from the local widths (4) of the
system with respect to autoionization. An example23 is the He(23S)–HD system with the
vibrational levels up to v′ = 19.

4. In those situations where only the total ionization cross section for the A*–BC
system with repulsive interaction is available, gross features of the convergence proper-
ties of a 2D classical trajectory description of the autoionization event can be obtained
with the help of the Franck–Condon factors for the isolated diatomic collision part-
ner20,11.
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